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We evaluate the cross section for electron-positron pair production by a single high
energy photon in the space-time of a static, straight cosmic string. Energy and momentum
conservation precludes this process in empty Minkowski space. It happens around a cosmic
string, in spite of the local flatness of the metric, as a consequence of the conical structure
of space. Previous results based on a simplified model with scalar fields are here extended
to the realistic QED case. Analytic expressions are found in three different regimes: near
the threshold, at energies much larger than the electron rest mass M, and at ultrahigh
energies, much larger than M/δ, with δ the string mass per unit length in Planck units.
To appear in Physical Review D
1. Introduction
Electron-positron pair production by a single photon with energy higher than twice
the electron rest mass does not occur in empty Minkowski space, as dictated by conserva-
tion of linear momentum. It is a rather common process, though, in the vicinity of atomic
nuclei, their inhomogeneous Coulomb field providing the requisite momentum. The cross
section for this process is known since the earlier times of QED.[1] The aim of this paper
is to evaluate the cross section for pair production in the gravitational field of a cosmic
string, and to discuss some of its potential consequences.
There is no Newtonian gravitational field around a static, straight cosmic string. The
metric is locally flat. One might naively suspect impossible to have pair production by a
single photon. This, however, is not the case, as was shown in a previous paper[2] in the
context of a simplified model based on a scalar field theory. The metric around a static
straight string that lies along the z-axis reads, in cylindrical coordinates:[3,4]
ds2 = dt2 − dρ2 − ρ2dθ2 − dz2 . (1)
The metric is the same as in Minkowski space, but here the periodicity of the angular
coordinate is within the range
0 ≤ θ ≤ 2π
ν
, with ν = (1− 4Gµ)−1. (2)
µ is the mass per unit length of string, and G is Newton’s constant. The dimensionless
quantity Gµ measures the strength of the gravitational effects of the string. The space-like
sections around the string have the topology of a cone with the vertex at the core and with
deficit angle 8πGµ. The conical structure of the cosmic string space-time is the source
of momentum non-conservation in the plane perpendicular to the string, which allows
for pair production by a single photon. This absence of global momentum conservation
was already stressed for gravity in 2+1 dimensions,[5] where massive particles originate a
conical structure of space-time,[6] the same as strings do in 3+1 dimensions.
The gravitational mechanism that permits pair production by a single photon around
a cosmic string bears some resemblance with the Aharonov-Bohm effect,[7] at least in
its topological features. Recently the Aharonov-Bohm interaction of fermions with the
pure gauge potentials around cosmic strings has been shown to lead to significantly large
scattering cross sections in models where the strings carry non-integer fluxes.[8,9,10,11] The
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gravitational effect, though, is of a different nature than the Aharonov-Bohm effect, and
is independent on the details of the field theoretical model for the cosmic string.
Classically, the gravitational effects of a straight cosmic string become manifest when
two particles move along opposite sides of the string. Initially parallel trajectories converge
as they move past the string, which then acts as a gravitational lens.[12,3] The deflection
angle is independent on the impact parameter. This peculiar features lead to the picture
of a classical analogue of the Aharonov-Bohm effect.[13] Other classical effects may affect
a single particle: the conical structure of the space-time induces a self-force, both gravita-
tional as well as electrostatic, on a test particle around a string.[14,15] Also, a freely moving
charged particle radiates as it goes by a string,[16] in analogy to the radiation by a charged
particle when it suffers Aharonov-Bohm scattering.[17] It must be noted that the conical
singularity of the cosmic string metric (1), (2) is smoothed out in more realistic string
models. In this sense the effects under consideration are not of topological origin but are
caused by matter fields concentrated in cosmic strings.
This classical gravitational effects around a cosmic string give us a hint about the
mechanism underlying pair production by a single photon. An heuristic, semiclassical
picture follows. Virtual positron-electron pairs are continuously created from the vacuum,
and quickly annihilate. A photon is not able to make them real in empty Minkowski space,
even if it has sufficient energy, since otherwise momentum conservation would be violated.
But in the presence of the string, the requisite momentum to make them real is provided
by the string if each member of the pair moves along opposite sides. This picture may
prove helpful to qualitatively understand some of the quantitative results we shall derive.
Further properties of the pair production process, as well as extensions to others such as
bremsstrahlung, were considered in Ref. 18 in the context of a scalar field theory. These
problems in the framework of QED will be treated in a separate paper.[19]
This paper is organized as follows. In sections 2 and 3 we set up the stage by
discussing the quantization of free electron and photon fields respectively in a cosmic
string space-time. In section 4 we write up the QED interaction Lagrangian in the cosmic
string gravitational background, and derive a closed expression for the matrix elements
and cross section for pair production by a single high energy photon. We present analytic
approximations valid at different energy regimes. In section 5 we round up the conclusions.
3
2. Dirac fields in a cosmic string space-time
In this section we find the appropriate field operator for electrons and positrons in
the conical space around a straight comic string. Similar studies of the Dirac equation were
performed in 2+1 dimensions, with two-component spinors, both in a conical space[20] as
well as in a vortex background, relevant for the Aharonov-Bohm effect.[8,9,10,11,21] We shall
work instead with usual four-component spinors in the 3+1 dimensional space-time around
a cosmic string, closer to the treatment of the Aharonov-Bohm effect performed in Ref.
22.
Dirac equation in a curved space-time reads:[23]
(iγµ(x)∇˜µ −M)ψ = 0 , (3)
with γµ(x) = V µ(a)γ
a, where V µ(a) is a tetrad, and γ
a are ordinary Dirac matrices, that
satisfy γaγb + γbγa = 2ηab. We work with the representation
γ0 =
(
1 0
0 −1
)
, γi =
(
0 σi
−σi 0
)
. (4)
In eq.(3) the covariant derivative involves the spin connection Γµ
∇˜µ = ∂µ + Γµ , Γµ = 1
2
ΣabV ν(a)(∇µV(b)ν) , Σab =
1
4
[γa, γb] . (5)
For the cosmic string metric (1) we can take the tetrad as
V µ(a) =

1 0 0 0
0 c s 0
0 −s/ρ c/ρ 0
0 0 0 1
 (6)
where c ≡ cos(νθ), s ≡ sin(νθ). Then the Dirac matrices γµ(x) in cylindrical coordinates
read
γ0(x) = γ0 , γ3(x) = γ3 , γρ(x) = cγ1 + sγ2 , γθ(x) =
1
ρ
(−sγ1 + cγ2) (7)
and the spin connection is
Γµ = δ
θ
µ
ν − 1
2
γ2γ1 = δθµ
ν − 1
2
iΣ3 . (8)
Finally, the Dirac equation in the cosmic string metric reads(
i[γ0∂t + γ
3∂z + γ
ρ(∂ρ − ν − 1
2ρ
) + γθ∂θ]−M
)
ψ = 0 . (9)
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It is useful to write it also in the Hamiltonian form:
i∂tψ = Hψ , with H = α
ipi + βM (10)
where
αi =
(
0 σi
σi 0
)
, β = γ0 ,
and
pρ = −i∂ρ , pθ = L3 ≡ −i∂θ + ν − 1
2
Σ3 , p3 = −i∂z .
Here αρ and αθ are defined from α1 and α2 as for the Dirac matrices in (7). We can
now write a complete set of commuting operators, and use their eigenvalues to label the
quantum states of electrons and positrons:
Hˆψ = Eψ ,
pˆ3ψ = p3ψ ,
Jˆ3ψ = j3ψ , Jˆ3 = L3 +
1
2
Σ3 , j3 = νj ,
Sˆtψ = sψ , Sˆt =
1√
E2 −M2 Σipi .
(11)
The solution to these equations representing an electron state with positive energy is
ψe(j, x) =
√
ν
2π
Ne exp(−iEt+ ip3z)
(
u
v
)
, (12)
with the two-component spinors u, v given by
u =
1√
E −M ·
(
Jβ1(p⊥ρ) exp(iνlθ)
iǫlsp⊥
p+sp3
Jβ2(p⊥ρ) exp(iν(l + 1)θ)
)
v =
1√
E +M
·
(
sJβ1(p⊥ρ) exp(iνlθ)
iǫlp⊥
p+sp3
Jβ2(p⊥ρ) exp(iν(l + 1)θ)
)
and
Ne =
√
p(p+ sp3)
2
√
E
,
β1,2 = |νj ∓ 1/2| , j = l + 1/2 ,
p⊥ =
√
p2 − p23 =
√
E2 −M2 − p23 ,
ǫl = sign(l) = ±1,
(
l ≥ 0,
l < 0
)
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and s = ±1 is the value of St. Jβ are Bessel functions. Positron states ψp with quantum
numbers (11) can be obtained from electron states of negative energy through charge
conjugation with the matrix C = α2 and by changing p3 → −p3, j → −j (l → −l − 1). So
we find:
ψcp(j, x) = Cψ¯p,transp =
√
ν
2π
N∗p exp(iEt− ip3z)
(
y
w
)
, (13)
where
y =
1√
E +M
·
(
Jβ2(p⊥ρ) exp(−iν(l + 1)θ)−iǫlsp⊥
p−sp3 Jβ1(p⊥ρ) exp(−iνlθ)
)
w =
1√
E −M ·
(−sJβ2(p⊥ρ) exp(−iν(l + 1)θ)
iǫlp⊥
p−sp3 Jβ1(p⊥ρ) exp(−iνlθ)
)
with
Np =
√
p(p− sp3)
2
√
E
.
The electron-positron field operator is
ψ(x, t) =
∫
dµj [ψe(j, x)aj + ψ
c
p(j, x)b
†
j]
where aj and bj are the annihilation operators for electrons and positrons with given
quantum numbers. The normalization condition is∫
dxψ†e,p(j, x)ψe,p(j
′, x) = δj,j′ = δs,s′δl,l′δ(p3 − p′3)
δ(p⊥ − p′⊥)√
p⊥p′⊥
. (14)
We denote collectively by j or j′ the quantum numbers of a given state, and integration is
also collectively denoted as∫
dµj =
∞∑
l=−∞
∫ ∞
−∞
dp3
∫ ∞
0
p⊥dp⊥ .
Before closing this section, it is worth pointing out that although the solution shares
many similarities with that for fermions around a magnetic flux tube, there are also signif-
icant differences. An important distinction is that the parameter ν, which deviates from
unity in the conical space, appears multiplicatively in the order of the Bessel functions,
while in the Aharonov-Bohm case the flux modifies additively the order of the Bessel func-
tions. In connection with this, problems related with the non-self adjointness of the Dirac
operator in the Aharonov-Bohm case[10,22,24] do not seem to affect the present discussion.
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3. Maxwell fields in a cosmic string space-time
Maxwell equations in the cosmic string space-time with metric (1), in the Lorentz
gauge, ∇µAµ = 0, take the form
Aρ − 2
ρ3
∂θAθ − 1
ρ2
Aρ =0
Aθ − 2
ρ
∂ρAθ +
2
ρ
∂θAρ =0
Az = At =0 ,
(15)
where
= ∆− ∂2tt , ∆ =
1
ρ
∂ρ(ρ∂ρ) +
1
ρ2
∂2θθ + ∂
2
zz .
In order to decouple these equations, so as to identify the linear independent components
to be quantized, we introduce spin-weighted components, defining[25]
Aξ =
1√
2
(Aρ +
iξ
ρ
Aθ) if ξ = ±1 ; Aξ = Az, At if ξ = 0 . (16)
The equations for the Aξ components decouple, and can be collectively written as
ξAξ = 0 , with ξ = ∆ξ − ∂2tt , (17)
where
∆ξ =
1
ρ
∂ρ(ρ∂ρ)− 1
ρ2
L23 + ∂
2
zz , L3 = −i∂θ + ξ . (18)
The normal modes for the independent components are
fξ(j, x) =
√
ν
2π
exp(iνmθ + ik3z)J|νm+ξ|(k⊥ρ)
1√
2ω
exp(−iωt) (19)
where j denotes collectively the values of (k3, k⊥, m). k3 is the eigenvalue of kˆz = −i∂z,
and l3 = νm+ ξ is the eigenvalue of L3. The modes are normalized according to∫
dxf∗ξ (j, x)(i
↔
∂ t)fξ(j
′, x) = δj,j′ . (20)
The total solution to the Maxwell equations is
Aξ(t, x) =
∫
dµj(fξ(j, x)cξ + f
∗
−ξ(j, x)c
†
−ξ) , (21)
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or, back to cylindrical cordinates coordinates,
Aρ(t, x) =
∫
dµj
1√
2
[(c+f+ + c−f−) + (c∗+f
∗
+ + c
∗
−f
∗
−)] ,
Aθ(t, x) =
∫
dµj
−iρ√
2
[(c+f+ − c−f−)− (c∗+f∗+ − c∗−f∗−)] ,
Az,t(t, x) =
∫
dµj [c3,0f0 + c
∗
3,0f
∗
0 ] .
(22)
The solution with a given value of ξ not only has a definite quantum number l3 = νm+ ξ,
but is also an eigenfunction of the spin z-component operator
S3 =
 0 −i/ρ 0iρ 0 0
0 0 0
 (23)
with quantum number s3 = −ξ. So, the photon wave functions
A+i =
1√
2
 f+−iρf+
0,
 , A−i = 1√
2
 f−iρf−
0,
 , A0i =
 00
f0
 (24)
have the following quantum numbers
j3 = νm , l3 = (νm± 1, νm) , s3 = (∓1, 0) . (25)
The coefficients cξ(j) can be promoted to operators with the commutation relations
[cξ(j), c
†
ξ(j
′)] = δj,j′ . (26)
These operators are annihilation and creation operators for a photon with quantum num-
bers k⊥, k3, j3(m), l3(m), s3.
As a final remark, let us find out operators cσ,π which correspond to annihilation
operators for physical, transverse photons, by explicitly working out the Lorentz gauge
condition, which translates into:
k⊥√
2
[δm0(c+ + c−) + ǫm(c+ − c−)] + i(k3c3 − ωc0) = 0 , (27)
where, as previously defined, ǫm = sign(m). With ~k perpendicular to the string direction
this determines annihilation operators for transverse photons as cσ =
1√
2
(c+ + c−) and
cπ = c3.
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4. Cross section for pair production by a high energy photon
4.1. Matrix elements and cross section
In this section we evaluate the matrix elements and cross section for electron-positron
pair production by a single high energy photon moving in the flat but conical space-time
around a cosmic string. This was already done for a simplified model based on scalar
fields.[2,26,18] The extension to QED is not so straightforward, as we have seen already in
the previous sections. Actually, a very relevant difference appears in the energy dependence
of the cross section at high energies, which is larger than in the corresponding scalar analog,
and this may have significant consequences.
The QED interaction Lagrangian is
Lint = −e
√−gψ¯(x)Aµ(x)γµ(x)ψ(x) (28)
and we can write, in the notation of the previous sections:
Aµ(x)γ
µ(x) =
√
2A+ exp(iνθ)γ
+ +
√
2A− exp(−iνθ)γ− +Az(x)γ3 , (29)
where
γ± =
1
2
(γ1 ∓ iγ2) =
(
0 σ±
−σ± 0
)
, σ+ =
(
0 0
1 0
)
, σ− =
(
0 1
0 0
)
. (30)
The matrix element for pair production of an electron with quantum numbers jp =
(p⊥, p3, l, s) and a positron with quantum numbers jq = (q⊥, q3, n, r) by a single pho-
ton with quantum numbers jk = (k⊥, k3, m, λ), can be written for physical states with
λ = σ, π in terms of matrix elements with ξ = ±1, 3,
Mξ =< jp, jq|S(1)|jk >= −e
√
2
∫
d4xψ¯e(jp, x)γ
ξψcp(jq, x)fξ(jk, x) exp(iξνθ) (31)
that after a simple integration on t, z and θ become
Mξ = −e
√
ν
√
pq
4
√
ωEpEq
δ(ω − Ep −Eq)δ(k3 − p3 − q3)δm, l+n+1mξ (32)
where
m+ =− iǫl
√
(p− sp3)(q − rq3)RJ(α+, β+),
m− =− iǫnsr
√
(p+ sp3)(q + rq3)RJ(α−, β−),
m3 =
1√
2
[r
√
(p− sp3)(q + rq3)J(α+, β−) + s
√
(p+ sp3)(q − rq3)J(α−, β+)]R
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with
R =
1√
Ep +M
√
Eq +M
− sr√
Ep −M
√
Eq −M
.
Here we denote
J(α, β) =
∫ ∞
0
dρρJ|α|(p⊥ρ)J|β|(q⊥ρ)J|α+β|(k⊥ρ) (33)
with
α± = ν(l +
1
2
)± 1
2
, β± = ν(n +
1
2
)± 1
2
.
For k⊥ > p⊥ + q⊥ we obtain [27]
J(α, β) = Θ(−αβ) 2 sin[πmin(|α|, |β|)]
πk2⊥ cos(A+B) cos(A−B)
(
sinA
cosB
)|α|(
sinB
cosA
)|β|
(34)
where
p⊥ = k⊥ sinA cosB, q⊥ = k⊥ sinB cosA .
We notice in (32) that energy as well as linear momentum along the string direction are of
course conserved. The condition m = l+n+1 is the conservation law for the total angular
momentum projection along the string direction
j3 = νm = ν(j + j
′) , j = l +
1
2
, j′ = n+
1
2
. (35)
Notice in (34) the step function Θ(−αβ) = Θ(−jj′) in the matrix element. The members
of the pair produced by a high energy photon must have opposite signs for their total
angular momentum projections. This is also the case for scalar particles.[2] An heuristic
explanation for this fact arises in the framework of the semiclassical picture presented in
section 1. Opposite signs for j and j′ represent, in a classical description, motion along
opposite sides of the string, which is necessary to extract linear momentum away from it,
and make real pairs out from virtual vacuum fluctuations. This, in some sense, implies a
localization of the pair production mechanism in the neighborhood of the string core, as
also discussed with a different approach in Ref.18
From the matrix element (31) we evaluate the differential probability per unit length
of string and per unit time for the pair production process:
Wλ =
νe2pq
64π2ωEpEq
δ(ω − Ep −Eq) δ(k3 − p3 − q3) δm, l+n+1|mλ|2 , (36)
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where
|mσ,π|2 = 8(EpEq −M
2 − srpq)
π2k4⊥p2q2 cos2(A+B) cos2(A−B)
·
· [s
√
(p− sp3)(q ∓ rq3)d(α+, β±)∓ r
√
(p+ sp3)(q ± rq3)d(α−, β∓)]2,
d(α, β) = Θ(−αβ)sin[πmin(|α|, |β|)]a |α|2 b |β|2 ,
a =
sin2A
cos2B
, b =
sin2B
cos2A
.
Notice that the differential probability Wξ depends on the electron and positron polariza-
tions mostly by the factor (EpEq +M
2 − srpq) (and only in that way for pairs moving
in the plane perpendicular to the string). Hence, pairs with opposite polarizations are
produced with larger probability.
We are specially interested in the total cross section for pair production. To evaluate
it, we need to integrate over final states. The sum over polarizations of the created particles
is straightforward, and gives the factor
∑
s,r
(p∓ sp3) (q ∓ rq3)(EpEq +M2 − srpq) = 2pq(k2⊥ − p2⊥ − q2⊥) . (37)
The sum over angular momentum quantum numbers is more difficult to perform, but at
the end we obtain∑
l,n
δm, l+n+1d
2(αξ, βξ′) =
{
Θ(m)
[
a
ξ
2 b−
ξ′
2 aνm + a−
ξ
2 b
ξ′
2 bνm
]
+Θ(−m)
[
a−
ξ
2 b
ξ′
2 a−νm + a
ξ
2 b−
ξ′
2 b−νm
]}
(ab)
ν
2Σ
(38)
where
Σ =
∞∑
l=0
cos2[πν(l − 1
2
)](ab)νl = cos2
πν
2
(1− aνbν)2 + 8aνbν sin2 πν2
(1− aνbν)[(1− aνbν)2 − 4aνbν sin2 πν] .
Notice the factor cos2 πν
2
that vanishes, as it should, for ν = 1, when there is no deficit
angle. It is different than the analogous factor sin2(πν) that appears in the case of pair
production of scalar particles,[2] and of the Aharonov-Bohm case (with the number of
magnetic flux units playing the role of ν). This distiction may be understood as the
influence of the spin connection on the Dirac equation in curved metrics.
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Next we integrate on dp3dq3∫ ∞
−∞
dp3
∫ ∞
−∞
dq3
1
EpEq
δ(ω − Ep − Eq)δ(k3 − p3 − q3) =
4Θ
[
k4⊥ − 2k2⊥(p2⊥ + q2⊥) + (p2⊥ − q2⊥)2 − 4k2⊥M2
]√
k4⊥ − 2k2⊥(p2⊥ + q2⊥) + (p2⊥ − q2⊥)2 − 4k2⊥M2
(39)
and then we average on photon polarizations,
1
2
∑
l,n
δm, l+n+1
∑
ξ,ξ′
d2(αξ, βξ′) =
a+ b+ 1 + ab√
ab
(ab)
ν
2
aν|m| + bν|m|
2
Σ . (40)
The final step would be the integration on p⊥ and q⊥, which can not be done analytically for
arbitrary incoming photon energy. Thus we now introduce a convenient parametrization
that facilitates analytic approximations in different energy regimes. We define the variables
r =
p2⊥ + q
2
⊥
k2⊥
, t =
p2⊥ − q2⊥
p2⊥ + q
2
⊥
, s =
√
1− 2r + r2t2 . (41)
Integrated on t and s, the expression for the total cross section
takes the form
σm =
2νe2
π4ω
cos2
πν
2
∫ 1
0
dt
∫ 1
ǫ
dsB(s, t)fν(a, b) (42)
where ǫ ≡ 2M/k⊥ and
B(s, t) =
1√
1− t2
1
s
√
s2 − ǫ2
s2 +
√
1− t2(1− s2)
[1 +
√
1− t2(1− s2)]2
[
1− s
2(1−√1− t2(1− s2))
2
√
1− t2(1− s2)
]
fν(a, b) =
aν|m| + bν|m|
2
(ab)
ν
2
(1− aνbν)2 + 8aνbν sin2 πν2
(1− aνbν)[(1− aνbν)2 − 4aνbν sin2 πν] .
In terms of r, t and s, the functions a and b read
a =
1 + rt− s
1 + rt+ s
, b =
1− rt− s
1− rt+ s . (43)
Eq. (42) is our final closed expression for the cross section.
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4.2. Approximations at different energy regimes
We now analyze the expression (42) under different approximations. We will always
consider the realistic case
ν ≈ 1 + δ, with δ = 4Gµ << 1 . (44)
Since δ is of order the mass per unit length in Planck units, it is reasonable to assume it
is small (for instance it is of order 10−6 for GUT cosmic strings).
We first consider the low energy case, just above the threshold for pair production,
with (k⊥ − 2M)/2M << 1. In this limit only the values of s ≈ 1 contribute significantly
to the integral in (42), and thus we may approximate ǫ ≈ 1, a ≈ 12(1 − s)(1 + t), b ≈
1
2 (1− s)(1− t), and then we find
σm ≈ e
2δ2
8
√
2π3/2ω
(
k⊥
2M
− 1
) 3
2
+|m|
Γ(|m|+ 1)
Γ(|m|+ 5/2) if
k⊥
2M
− 1 << 1 . (45)
At high energy, k⊥ >> M , (and ǫ << 1) the main contribution in (42) arises from
small values of s. In this case
a ≈ 1− s
(
1 +
√
1− t
1 + t
)
, b ≈ 1− s
(
1 +
√
1 + t
1− t
)
and one needs to be careful in finding the asymptotic behaviour. We get
σm ≈ e
2δ2
2π2ω
∫ 1
0
dt
∫ 1
ǫ
ds
(1− t2) 32 (1 +√1− t2)−3
s2
√
s2 − ǫ2[s2(1 +√1− t2)2 + π2δ2(1− t2)] . (46)
We still need to distinguish two different regimes at high energy. The term between square
brackets in the denominator of (46) plays different roles whether s can be smaller than δ
or not. If the photon energy is not too high, M << k⊥ << M/δ, we can neglect the term
proportional to δ2, and then we find
σm ≈ e
2δ2
1890π2ω
(
k⊥
M
)4
if M << k⊥ <<
M
δ
. (47)
Finally, at ultrahigh energies, when k⊥ >> Mδ , the term proportional to δ
2 dominates and
then we obtain
σm ≈ e
2
60π4ω
(
k⊥
M
)2
if k⊥ >>
M
δ
. (48)
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The cross section increases with increasing photon energy. More precisely, it increases
with increasing k⊥, since the dynamics in the direction parallel to the string is trivial. This
rather peculiar energy dependence cannot continue unbounded, since at sufficiently large
energies it would conflict with unitarity, which imposes a bound of order σm <∼ ω−1 on
the partial cross sections. The unitarity limit thus restricts the validity of eq. (47) up to
energies k⊥ <∼ 10M/
√
eδ, and that of eq. (48) up to k⊥ <∼ 100M/e. We think this is a
consequence of the breakdown of the validity of perturbation theory at these high energies.
Notice that for realistic values of e and δ, equation (48) for the ultrahigh energy behaviour
of the cross section is always in confict with unitarity.
Notice that in both high energy regimes the cross section does not depend on the
photon quantum number m that determines its angular momentum projection along the
string axis. This is actually only true up to some large value of m, of order k⊥/M , after
which the approximations we were making break down, and the cross section decreases with
m. An heuristic, semiclassical explanation for this property may arise from the following
observation. The classical analog of the cylindrical modes with given m may be thought
of as a flux of particles incident upon the string from all directions with radius of closest
approach of order ρmin ≈ m/k⊥. [18] This will be shorter than the Compton wavelength
1/M of the pair if m < k⊥/M . In that case virtual members of a pair that move along
opposite sides of the string, and thus are able to extract momentum from it, will get hit
by the photon. All values of m smaller than k⊥/M should then be equally efficient at
producing pairs, while larger values should be less efficient.
4.3. Cross section for “plane wave” photon states
Equations (45), (47) and (48) give us the cross section for pair production in the
gravitational field of a cosmic string by a single photon in an eigenstate of the angular
momentum operator L3 in eq.(18), with eigenvalue l3 = νm ± 1 = j3 ± 1. These cylindri-
cal normal modes we used proved to be rather convenient to carry out our calculations.
However, it is more common and useful to express the cross section for incoming states
of definite linear momentum, i.e. for plane waves. Of course, there are no exact plane
wave solutions in this case, since the non-conservation of linear momentum in the plane
perpendicular to the string is precisely the origin of the effect under consideration. It is
possible, nevertheless, to define “almost” plane wave states, states that asymptotically rep-
resent the superposition of an incoming plane wave distorted by the scattered cylindrical
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wave. These are the states that should be used in place of standard plane waves. They
were analysed in the context of classical and quantum scattering problems in conical 2+1
dimensional space, both for scalar[28] as well as for Dirac fields.[20]
It is not difficult to obtain the cross section for these “almost plane wave” states from
the partial cross sections for states with given j3 = νm, that we already evaluated. We have
shown how to do this in the case of scalar fields in Ref.26. Since its extension to the QED
case is rather straightforward, at least if one is interested in the total cross section only,
and not on its polarization dependence, let us simply outline the method developed for the
scalar case. It is based on the fact that a normal mode with the asymptotic behaviour
ψ(x) ≈ exp(ik⊥ρ cos νθ) + f(θ)exp(ik⊥ρ)√
ρ
, (49)
that represents an incoming plane wave distorted by the scattered outgoing cylindrical
wave, may be expanded in partial waves of cylindrical type as
ψ(x) =
∑
m
cmJ|m|ν(k⊥ρ)exp(imνθ) , (50)
where cm = exp(iπm− iπ|m|ν/2). Eq.(50) with ν = 1 is of course just the usual expansion
of a plane wave in cylindrical modes. When ν is larger than one it incorporates the
scattered wave, unavoidable as the “plane wave” propagates in the conical topology.
Using normal modes of this sort to characterize the quantum states, one can check
that in the low energy regime the cross section for a plane wave incoming state is dominated
by the s-partial wave, i.e. the mode with m = 0 in (45). At high energies, on the contrary,
all partial waves contribute with equal weight, so that σ =
∑
m σm, where we denote by
σ the total cross section for a plane wave state. This leads to a rather large enhancement
of the cross section above the value of eqs.(47) and (48), since the contribution of each
partial wave is basically independent on m over a large range. Now we must work with
a better degree of approximation than in the previous section, to find the behaviour for
very large m also. It is easier to perform the calculations doing the sum over m before the
integrals on t and s in eq.(42). One then finds that the integrand has one extra inverse
power of s than before the summation, and that leads to a cross section at high energies
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for plane wave incoming states that is a factor of order k⊥/M larger than eqs. (47) and
(48). We get:
σ =
∑
m
σm ≈ e
2δ2
6720(2π)ω
(
k⊥
M
)5
if M << k⊥ <<
M
δ
. (51)
and, for the ultrahigh energy regime:
σ =
∑
m
σm ≈ e
2
60(2π)3ω
(
k⊥
M
)3
if k⊥ >>
M
δ
. (52)
As mentioned in the previous section, these results are in conflict with the unitarity
bound on the cross section if k⊥ >∼ 10M/
√
eδ for eq. (51) and if k⊥ >∼ 100M/e for eq.
(52), reflecting the breakdown of the perturbative expansion upon which this derivation is
based.
5. CONCLUSIONS
We have shown that the lack of global linear momentum conservation in the plane
perpendicular to a cosmic string, which is a consequence of its conical topology, permits
electron-positron pairs to be produced by a single photon notwithstanding there is no local
gravitational field. Expressions (45), (47), (48), (51) and (52) contain our quantitative
results, with the cross section per unit length of string for this process at different energy
regimes and for alternative incoming quantum states of the photon.
Previous results of a similar nature were already known for a simplified model based
on scalar fields.[2,26,18] The extension to QED, though, proved not so straightforward, both
in its technical details as well as in the energy dependence of the resulting cross sections.
The scalar model was based on a Lagrangian λϕψ2, with λ a coupling constant with mass
units, ϕ a massless and ψ a massive scalar field. The QED result corresponds to the scalar
case with λ replaced by ek⊥. In the high energy regime this makes a significant difference.
The pair production process by a high energy photon in the space-time of a cosmic
string can be regarded as a consequence of a kind of gravitational analog of the Aharonov-
Bohm effect. There is also a strictly speaking Aharonov-Bohm interaction of fermions
with the gauge potential around a cosmic string, in models where the string carry non-
integer fluxes.[8,10,11] There are many similarities in the mathematical treatment of the
Aharonov-Bohm interaction and of the gravitational effect discussed in this paper, but
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also substantial differences. Besides, the gravitational effect is quite insensitive to the
details of the field theory behind the string.
It is very striking that the cross section for pair production at high energies, eq.(52),
grows with the energy of the incoming photon. This behaviour should be cut-off at energies
that probe the core of the string, k⊥ ≈ √µ, where the metric is not well approximated
by that of eq.(1), which has a conical singularity at the origin. A real cosmic string has
a smooth core, and its metric approaches a flat, regular metric at the origin. The metric
is that of a snub-nosed cone.[29,30] It was shown, for instance, that the 1/ρ self-force that
a charged particle experiences in the conical space-time around a string,[14,15] is cut-off
at a distance of order the core radius in the snub-nosed cone metric.[31] However, the
unitarity bound on the cross section is already violated at energies much lower than those
which probe the string core, reflecting the breakdown at high energies of the perturbative
approach used to derive our results for the cross section.
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